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Abstract 

For each a £ (0, 1), A a denotes the universal C*-algebra generated by two unitaries u and v, 
which fulfill the commutation relation uv = e 2nia vu. We consider the order four automorphism a of 
A a defined by a(u) = v, o{v) = it -1 and describe a method for constructing projections in the fixed 
point algebra A" a , using Rieffel's imprimitivity bimodules and Jacobi's theta functions. In the case 
a = q £ Z, q > 2, we give explicit formulae for such projections and find some lower bounds for 

|l*lt + U* + V + V* \\. 



The commutative algebra C(T n ) of continuous functions on the ordinary n-dimensional torus T ra = 
| (zi, . . . , z n ) ; \zj\ = 1} is isomorphic to the universal C* -algebra generated by n commuting unitary 
operators. A non-commutative n-torus A a is the universal C*-algebra generated by n unitaries u±, . . . , u n 
subject to relations UjUk = e 2jriajk UkUj, where a = (<Xjk)i<j,k<n is a skew symmetric matrix with real 
entries. In some situations it is convenient to regard a as a real skew bilinear form on Z" defined by 
a(ej, efe) = ctjk and A a as the twisted group C*-algebra C*(Z n ,(3), where f3 : Z" x Z™ — > T is a 2-cocycle 
such that P(x,y)P(y,x) = e 2wia ( x ' y \ 

In this paper we only consider the case n = 2, when a is a real number and A a is isomorphic to the 
crossed-product C7*-algebra C(T) ocp Z, where (3 is the automorphism of C(T) defined by f3(tfi)(e 2mt ) = 
cj)(e 27r ' l ( t+a * > ) , 4> <= C(T), t € R. The algebra A a , called the rotation algebra by angle a, coincides with the 
universal C* -algebra generated by two unitaries u and v which fulfill the commutation rule uv = e 2 ™D« 

and is endowed with the canonical faithful tracial state r defined by t ^ a m , n u m v n I = ao.o- The 



starting point in the study of rotation algebras is the existence of the Powers-Ricffel projections. They 
are projections e a € A a of trace a, which are of the form 

e Q = G{u)v + F{u) + GOOiT 1 , 

where G(x) = G(—x), x 6 R and F and G are some smooth functions on R (see |[3|). The classical 
results of Pimsner and Voiculescu ((0,|l2|) show that r* (K (A a )^ = Z + Za = Z + Zr(e a ); in particular, 
for any irrational numbers a± and 0% the rotation algebras A ai and A a2 are isomorphic if and only if 
0-2 ± oti £ Z. The Powers- Rieffel projections play also a crucial role in the recent results (ff|,[Q) on the 
structure of noncommutative tori. 

The modular group SL<2(Z) is a subgroup of the group Aut(^4 a ) of *-automorphisms of A a \ each 

matrix X = ( a ^ ] 6 SL%(Z) defines an automorphism ax of A a , which acts on the canonical 



c d 

generators u and v of A Q as crx{u) = u a v b , ax(v) = u c v d . Throughout this paper, we will denote by 
l \ the "Fourier transform" automorphism of A a , acting on its generators by a(u) = v and 
-i o J 
<j(v) — u 1 . We also set 

A a a = {a e A a ■ a(a) = a} 
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and 

ffi n) = u n + u~ n + v n + v~" £ A a , neZ. 

We notice that for any a 6 R \ Q, the C*-algebra A" a is generated only by the operators H a = Ha^ 
and H a (see the appendix). The K-groups of A a a were computed in the case a = | S Q, gcd(p, q) = 1 
in @, where it was shown that K X (A%) = and K (A a a ) = Z 9 if q > 5. 

The problem of characterizing the spectrum of the self-adjoint operator H a = u + u* + v + v* (or 
more generally of H a ,x — u + u* + ^ (v + v* ), A > 0) in A a is very important in the study of the quantum 
Hall effect (Q). If E a ,\ denotes the spectral measure of H a .\, then fi a .\ — rE a .\ is a measure with 
supp(/i Qi a) C [—2 — A, 2 + A] and since r is faithful, its support coincides with the spectrum of H a ,\- 
Actually one can gather information on spec(H a .\) from the K-theoretical properties of A a . In this 
respect the results of Pimsner and Voiculescu ([^2)) show that for any irrational a, any A S R and any t 
which belongs to a gap of spec(H a ,\), there exists an integer n such that 

^ a ,\(spec(H a .\) n X(-oo,t]) = {na} , 

where {a;} denotes the fractional part of x £ R. Therefore, knowing more about the projections of A" a 
and about T(V(Aa)), would presumably provide additional information on spec(if Q ). 

Another important feature of the automorphism a is that it implements the Andre- Aubry duality. 
One easily checks that the set o + (a, A) = I) o(a. A, 6), as defined in Q, coincides with the spectrum of 

e 

the operator H a ^\ € A a . Using the fact that a is an automorphism of A a and 

(r(H a , x ) = <t(u + u* + ~ (v + v*)\ = v + v* + ~ (u + u*) = ~ (u + u* + ~ ■ - ^ H a j _ , 

it follows that the operators H a ,\ and ^ H a ± have the same spectrum, hence we get a quick proof of 
the Andre- Aubry duality 

a+(a,\) = spec(H a ,x) = ^spec(H a 4.) = ^o + (H a i) . 

The aim of this paper is to develop a method for constructing projections in the C*-algebra A a a . In 
the first section, we prove that for any a € (0, 1), A° a contains a projection e Q of trace a (the trace is 
the canonical trace on A a ). Although Rieffel's formalism ( fl4|| ) for constructing imprimitivity bimodules 
between twisted C*-group algebras associated with lattices in abelian locally compact groups is quite 
useful, the nature of our projections is different from that of the Powers- Rieffel projections (jl3|]) used 
until now in the study of the rotation algebras. In fact, the projections we construct in A a a are related to 
the classical Jacobi theta functions ( |Tcfl , [p| ) . An important ingredient in the proof is the inequality 

tf{0,it) 2 < tf(0,it) +■&( i ,it ) , Vt> 1 



2' J ' 2 ' 

which we prove in proposition 1.3 by making use of the infinite product factorization of theta functions; 
here we denote as usual 



T ) = V e ^'r + ^ im z ^ ze c, t eH = {w eC; ha(w) > 0} . 



Another interesting fact related to this approach is that the classical transformation formula for 
-d(x,it) (see for example p], p. 33]) : 



§( 1^ ) = Vte^tffzjii), VteR, t>0, 
\it t J 

arises as a mere consequence of Rieffel's trace formula ( $A\ thm.3.5]). 

In section 2 we prove that if p, q £ Z, q > 2, < qa — p < ^ and p is a quadratic residue of q, then 
A a a contains projections of trace qa — p. If < p — qa < ^ and — p is a quadratic residue of q, then A a a 
contains a projection of trace p — qa. 
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The third section considers the case a = ^ q G Z, q > 2, in more detail. For example, we prove the 
following estimates for the norm of the operator H a : 

\\H a \\ >4e-^ !lkl2«Zn^2oJ if g is even 

\\H a \\>4e'^ {2,2a, {2,2a) 2 ^2 a ) V klljaJ if q is od d , 

*(o,£) a - 2*^(0, £) a 

where we set 

?? ocW (z, r) = ^ e"™ 2 ^ 2 ™^ = r) - ti(2z, At), z e C, r e H . 

m odd 

We also derive closed formulae for the projection e a , expressing it as a sort of average of products of 
operator-valued functions (see proposition 3.1). Specializing for example to q even, it follows that 
the following identity holds for any integer k > 1 and t\ , t 2 € R : 

2fe-l 

]T e -^^ ft ^(t 1 ,zA ; )^^, ¥ (-t 1 ,zA : )^ s , f (i 2 ,ifc) t ?™^(-t 2 ,zA ; ) = 2fc^(t 1 ,zA : ) 2 l ?(t 2 ,zA ; ) 2 , 

m,n— 

where we take as usual 

Oi6 (z, T ) = e m{m+a ^ T+2m{m+a ^ z+h ^ , z e C, t e H . 

m 

This should be compared with Riemann's identities for theta functions (see fllCf). 



1 Constructing projections of trace a in A u a 



We start by recalling the framework from 1 14 . Let M be an abelian locally compact group, let M 
denote its topological dual and consider G = M x M eqquiped with the Haar-Plancherel measure. Let 
(3 : G x G — > T be the Heisenberg bicharacter defined by 

P((xi,yi), (£2,2/2)) = (xi,y 2 ) , xi,x 2 eM, 2/1,2/2 GM, 

where ( , ) : M X M — ► T is the canonical pairing of Af with M. 

Set (3(x,y) = f3(x,y) and f3*(x,y) = (3(y,x) = 0(y,x), x € M , y e M. The formula 

(ir (x , iX ,, ) f)(t) = (t,x")f(t + x'), t,x' GM, z" GM 
defines a square-integrable projective unitary representation 7r : G — > L 2 (M) such that 

7rx7r a = /3(a;, y) 7T.B+,, , 

TTxTTy = /3/3*(x,y) 7Ty7T x , 

(tTx)* = /3(x,x) 7r_ x , x,yeG. 

If D is a lattice in G, we denote by \G/D\ its covolume and by G* (13, /?) the G*-algebra generated by 
ir w , w € -D. The subgroup 

L> x = {w G G; (3f3*{D,w) = l} = {w e G; (3{x,w) = /3(w,x), VieDjcG 
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is a lattice in G. We eqquip D with the Haar measure which assigns mass {G/D- 1 ^ 1 = \G/D\ to each 
point and D 1 - with the Haar measure assigning mass one to each point (see p.278]). The twisted 
C*-algebra C*{D,0) acts on the left on the space S{M) of Schwartz functions on M by 

af=fa(w)7T w fdw^\G/D\Y,aH7T w f, f G S(M), a G L X {D, 0) . (1.1) 



w£D 



Replacing as in jl4|, p. 269] ir z by 7r*, we regard C*{D^-,(3) as being generated by 7r* acting on the left 
on S(M). This action commutes with the left action of C*(D, 0) for ir w ir z — tt z tt w , w E D, z E D^-. The 
opposite algebra of C*(D ± ,0) is C*(D ± ,l3), which acts on the right on S(M) by 

fb= J b(z)(n*J)dz = K*Kf, feS(M), beL 1 (D ± ,0). (1.2) 



D 1 



zeD 



Moreover, S(M) becomes a C*(D, 0) — C* (D 1 - ,/3) equivalence bimodule with respect to the C*-valued 
inner products ( , ) D : S(M) x S{M) -> C*(D,f3) and ( , } D ± : S(M) x S(M) -> C^D^,^) defined for 
any f,g E S(M), w = (w',w") E D and z — (z',z") E by 



(f,9) D (w) = (f,K w g) L2{M) = J f(s)g(s + w'){s,w")ds, (1.3) 

M 

(/, g) D ± (*) = (*,g, /) L2(M) = / m g{* + «') (s, z") ds . (1.4) 

he canonical 
according to ]l4j, thm.3.5] we have 



M 

If to and t d ± are the canonical (normalized) traces on C*(D, (3) and respectively on C*(D J -, /3), then 



r D {(f,g) D ) =\G/D\T D ±((g,f) D x). (1.5) 
In this paper we are interested in the case when M = R m x F, with F finite cyclic group. Since 
(x,y) = e^X^Xj-yj^ if x = (xi, . . . ,x m ), V = (yi,...,y m ) E R m and ([n] q ,[m] q ) = e(^) if [n]„ 

[m] 9 6 Z g , where e(t) = exp(27rii) for all i € R, we shall identify M with M such that (x,y) = (y, x) 
for all x,y £ M = M. Therefore R(w\,W2) = (—11)2, W\) defines a group automorphism of G. We notice 
that i?(£> x ) = (.RD)- 1 . 
The Fourier transform 



(•77) (*) = / /(a;) (a:, s) dx , / G 5(M) , seM 
extends to a unitary on L 2 (M) such that for all g E G 



F^g = /3(g,g)-KRgJ r . (1.6) 



Since f3(Rw, Rw) = f3(w, w), we see that for all £1, £2 S S(M) and w E D 



(1.7) 



= 0(w,w) (£i,7r u ,£2>£2(Af) = P(w,w) (£1, £2)0(10) , 
which yields for all £i,£2,£3 G S(M) 



•? 7 ((£i,£2)b£3) = / (£l,£,2)D(w)J 7 TT w £ 3 dw = J (3(lV,w) ((li&D^TTRyjF&dw 
D D 

= J {Hl,H2)D{Rw)TT Rw H3d W = (Hl,H2) D (H3)- 
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In a similar way, (1.4) and (1.6) yield for all G S(M) and z G Z?- 1 

(FtiliF&D^iRz) = (^Rz^2,^l)L 2 {M) = P(z,z) (tTz&,£,i)l 2 (M) =P(Z,Z) 6j)r>-L (z) , 

and further on for all £1,^2, £3 S 5(M) 

^(6(6)6>z»J-) = J (&,€3)d±(z)/3(z,z) T-K-zi\dz = J (F&Fta) D x(Rz)w% z J : £idz 

D± D x (1.9) 

According to ||, (1.8) and (1.9) show that Z 4 = Z/4Z acts on the imprimitivity bimodule S(M) by 

u£ = JF£, inducing automorphisms <td G Aut(G*(-D, /?)) and cr D i G Aut (G* (D , /?)) such that for all 

6,6e5(M), ogC*(A/J), beC*(D±,(3) 

<td{(^'^)d)=(Hu^2)d, (1.10) 

^•(aa)=^(a)(^a) ) (1.11) 

^(&,fV) = {^l 1 ^2> D l, (1.12) 

^(66) = (^1)^(6). (1.13) 
To find cd, remark that (1.10) and (1.7) yield 



D D 



On the other hand 



hence for all w G Z? 



0"23 ((£1,62)23) = / (Cl ! 6>D(w)cr D (7r«;)rfw, 



23 



o\d(7t™) = /3(w, w) n Rw . (1-14) 
A similar computation shows that for all z G Z?- 1 



0£M-(7r z ) = P(z,z)Tr Rz . (1-15) 

We notice that <j%(tt w ) = 7r_ w , w E D, <t d ±(tt z ) = 7r_ z , z € £) , cr^, = idc*(D.p) and <7^, x = 
id c *(D J -,0)- 



PROPOSITION 1.1 Let a € (0,1) and 29 = Zej + Ze 2 &e a Zattice m G = R 2 smc/i tfiai Ret = e 2 
(so Re 2 = —£%) and /3(ej,e 3 ) — 1, j — 1,2, /3/3*(e 1 ,e 2 ) = e 2Trm . Sei Uj = Tr £] , j = 1,2 (hence a = a D 
is an automorphism of A a — C*(D,(3) such that o~(U\) = U 2 , o~(U 2 ) — U^ 1 ). Assume that there exists 
A G {±1, ii} and / G 5(R) smc/i i/iai J 7 / = \f and the element a — (/, f) D± is invertible in C* (D 1 -, (3). 
Then p — (/a -1 / 2 , /a -1 / 2 ) d is a projection in A a such that ro(p) = |G/D| = a ana" cr(p) = p. 

Proof. The first part follows from jL3|, juj, so we only have to prove that a(p) — p. Since Tf — Xf and 
R(D A -) = D ± , (1.12) yields cr D -L(a) = a, hence a D ±( a - 1 / 2 ) = a" 1 / 2 . By (1.13) ^(/a" 1 / 2 ) = A/a" 1 / 2 
and applying (1.10) we get ctd(p) = P- QED 

Next, we choose D = Zei + Ze 2 , with e\ — (\fa, 0), £2 = (0,-\/ct)- The lattice D has covolume 
|G/D| = a in G = R 2 and RD = D. Since j3j3*(e 1 ,e 2 ) = e 27 ™, the unitaries Uj = n Ej fulfill LW2 = 
e 27rm U2U1, hence C*(D,/3) is canonically isomorphic to Aq,. The automorphism a = ao acts on A a = 
G*(-D,/3) as <r(7r miei+ro2E2 ) = e 2 ^ m ^^_ m2El+mi£2 , mi,m 2 G Z, so a(C/i) = U 2 and cr(C/ 2 ) - f/f 1 . 
Notice also that a 2 (n miei+m2e2 ) = 7T_ miEl _ m2£2 . The orthogonal lattice of D with respect to /3/3* is 



G 



D L = Ztfi + ZS 2 , with <5i = (0, -^), <S 2 = (-75 ,0). It has covolume a" 1 in R 2 and R{D^) = D ± . If we 
denote V\ = 7rJ = 7r_5 x and V 2 = 7r| 2 = 7r_a 2 , then <td_l(Vi) = and cr^^V^) = V\. 

Consider also the Schwartz function /(s) = e - '™" , seR. Since Tf — /, proposition 1.1 shows that 
if a = (/, /) D ± is invertible, then (f{f, f)^l' 2 '', f(f, f)^/ 2 ^ is a projection of trace a in A° a . 

The following formula ([^, p. 5]) will be used repeatedly throughout the paper 

-a^+2ira« da = J_ e 2 ^ ; VaeC. (1.16) 

R 

Note also that for all t > 



R 

We make use of (1.4) and (1-16) to obtain 

(/, /) D x(m!*i + m 2 5 2 ) = (/, /V , = J J(s) f(s+ ) , — ,/.* 

' X R 

f _ !hrj a_aqai + ^i'_^ 1 _ T(m?+»g) , 
R 



(1.17) 



therefore 



zee 1 zed 1 - 



(1.18) 



mi ,m2 



A direct computation based on (1.18) yields 2t d ± ((/, f) 2 D ±) = ^(O,^) 2 - A computation similar to 



(1.17) yields V2 (fj) nim^i + m 2 e 2 ) = e - " (m i+ m 3 )a +7rimim2 „ therefore 



v / 2(/ ) /)z, = |G/£>| E(/'/)oM 7r » = Q E e- '^r'^ ^^t? 11 , (1.19) 

which yields further 2td((/, /)|>) = a 2 t9(0, ia) 2 . On the other hand, (1.5) yields for all (f>,i/j G <S(R) 

r D ((^, = |G/£>| r D x = ar D i ((^, cj>) D ±) , (1.20) 

therefore for all fx, fz,h, U S <5(R) 

Tn({h,h)D (h>U)D) = T D (({h,h)DhJi) D ) = a.T D ±((f 4 , (fi, f 2)0/3) D ±) 

(1.21) 

= aT D ±((f 4 J 1 ) D ± (/ 2 ,/3) D i) ■ 
Taking /j = / in the previous equality we get 

i?(0,ior) = -4=0 1 0,- ] ■ (1-22) 

This is one of the modularity conditions satisfied by theta functions. Its appearance is not really 
surprising, for the Poisson summation formula plays an important role in the proof of (1.5) (and implicitly 
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of (1.20)). Actually we can do better by taking f a (s) = e 7r ( s + a ) , a e R. A computation similar to the 
previous ones gives 

TD (2 (/„, f) D (/, fa) D ) = ^ e~™* ${-ia^ , to) 0(0, itt) , 

^ (2 (/„, / Q V (/, Z)^) = tff^ , 1 W , , 
and using (1.21) and (1.22) : 

ae'™ 2 ti(-iaVa,ia)&(0,ia) = i?( -^=,- ) i?| 0,- ) = -4=#( -^=,- ) i?(0,ia), 

\ Va a/ \ a / V a V v a a J 

hence for all a £ R and a > 

Taking x = and i = ^, we recover the following transformation formula for $ (|Tc|, p. 33]) 

i?( ) = v^e^tffoit), VieR, Vt>0. (1.23) 
\ii t J 

LEMMA 1.2 The operator X = ^e _7rm "^V™ j s positive and invertible for all cto > 0. 

m 

Proof. As A G C**(Vi) = C(T), we have A(A) = £ e -™ 2 « 0- \m ; A e T, hence the spectrum of X 

m 

coincides with #([0, l],iao), where 

r) = e™ n2r+2mmz , z e C , r e H = {C G C ; ImC > 0} 

m 

denotes the usual theta function (fllC|]). The operator X is self-adjoint for 

A(e 27 "') = 1 + 2 Y e-™ 2 " cos(27rmi) G R, VieR. 

rn> 1 

On the other hand A(l) = 1 + 2 £ e"™ 2 " > 0, so we only have to show that $ i?([0, l],ia ). 

m> 1 

This is true for is the only zero of the function ao (z) — ^( z i * a o) m the fundamental domain 

{z £ C ; < Rez < 1, < Imz < a } . QED 

Let a £ (0, oo). We set 

7T7T1 2 

a m = e ~ , 

c(t) = min it) > , t > , 

C(i) = max i?(a:, it) = 0(0, it) = ^ T?t > * > > 

, < „ f t m i \ „ 
^=^-VS + 2^^j' mGZ - 
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We have |$ m (t)| < e - "^" = i?(0 , j-\ = C(^j) for all m € Z and a > 0, hence the multiplication 

n 

operator D m = M$ m is bounded on L 2 (R) and ||-D m || = ||$ m ||oo < ^(t~)' ® n tne otner hand $o(*) = 
— ; g R and <& (t) > c(^) > for all teR, hence Z? is invertible and for all m € Z 



IZVAJ = = sup 

teR 



*m(t) 



*o(<) 



<^1. (1.24) 



We need more information on the behaviour of the function , it) on R and prove the following 
PROPOSITION 1.3 (i) For any t > 

c(t)=ti(~,it 



(ii) For any t > 0.527 

C{t)(C{t)-\) 

c(t) < ' 

Proof. The proof relies on the infinite product expansion for theta functions (see for example 
prop. 14.1]), which says that for all z € C and r e H we have 

T ) = II ( X - e 27!lmT ) fj (l + 6(2™+!)^-^) (1 + e (2m+l)*iT+ibrfa) _ ^ ^ 

m>l m>0 

Actually we will only use the "easy" fact that 

r) = fc r (l + e ( 2m + 1 )' rir - 2 ' r ") (l + e (2™+l)«T+2« Z | j ^ 2 g) 

rn>0 

for some constant k T ^ which does not depend on z. To prove (z), remark that for any r m > and any 
p e T we have 

(1 + r m p) (1 + r m p) > (1 - r m ) 2 . (1.27) 
Taking r = e^* € (0, 1), r m = r 2m+1 and p = e 27r ", x £ R, i > 0, we obtain from (1.26) and (1.27) 

${x, it) _ -r-r (1 + r m p)(l + r m p) 
Since $(x, it) > for all x € R, (i) follows. 

To prove (ii), we fix t > and denote P = ,f^M = I ^°' u \ . Equality (1.26) yields 



c(t) 

lnP = S (ln(l + r 2m+1 ) -ln(l -r 2m+1 )) 



m>0 



The mean value theorem yields for any e € (0, 1) 



1: <ln(l + e)-ln(l-e) < 



1+e v ; v ; 1-e' 

hence 



(l-r)(l-r 2 ) 

m>0 m>0 v M ' 



and therefore 



C(t) _ o2 ^ ,^ f 4e-'* \ f 4r 



c(t) - P < ^ = CXP (. d-e-^d-e-^) J = ex P I (i-TKi-7 2 ) ) • (L28) 
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Using also 

C(t) - 1 = £ e— 2t = 2 £ r" 2 < 2 £ r** 1 = 

n^O n>l n>0 

we get 

c(t) 51 J 1-H ^^(l-rKl-r 2 ) 

The derivative of 

#r) - ln 5 (r) = ^— ^ + In 2 + In 3 J , r e (0, 1) , 

is 

,// \ 4 r(4r 2 + r + 1) 1 3r 2 w . 

(1 — r)(l — r- 5 ) (1 — r)(l — r 3 )^ r 1 — r 6 

therefore <j> is monotonically increasing on (0, 1). Moreover, the equation <j>(r) — has a unique solution 
r e (0, 1). If we set 



/ 1 \ 4a; 3 

1>{x) = = (x _ 1)(x 3_ 1) +ln2 + 21n.T-ln(x 3 -l), xe(l,oo), 

the equation ij){x) — has a unique solution x ~ 5.2254 and ^ is monotonically decreasing on (l,oo). 
Therefore 

C(t)(C(t) - 1) < c(t), yt >t = - log x w 0.52633. QED 
PROPOSITION 1.4 Let a e (0,0.948]. Tften a = Ea m OmV 2 ra is a bounded invertible operator in 

m 

C*(D ± ,f3)=A±_ and a = V2(f,f) D ±. 

Proof. Since ^ > 1 > 0.527, (1.24) and the previous proposition yield 



]T a m \\D^D m V 2 m \\ < -gf E a ™ ^ Vo < 1 ' 

m#0 C V2cJ m ^ C \2a) 

This shows that / + a mDQ D m V 2 m defines a bounded invertible operator, hence so is ao = 
^2a m D m V 2 m . The operators a and \/2(f,f) D ± e B(L 2 (K)) coincide. To see this, notice that for all 

m 

mi, m 2 G Z 

y/aj ' 



hence we may use (1.18) to obtain for all </> € £ 2 (R) and s£R 

mi ,7712 ^ 

= (E"m 2 ^m 2 Vr 2 ^) (*) - (OOM*). QED 



COROLLARY 1.5 For any a G (0, 1), ifce rotation algebra A a contains a projection e — e a of trace a 
such that a(e) = e. 
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REMARKS 1.6 (i) For all m e Z we have D m V 2 = V 2 D m+2 . 

(ii) If a is irrational, the rotation algebra Ax = C*(D ± ,f3) is simple, thus is isomorphic to the C* - 

algebra C*(Wi, W 2 ) C B(£ 2 (Zj) generated by the unitaries W\^k = £,k+i, W 2 £k = e 2 ^^, where is an 
orthonormal basis of£ 2 (Z). If p = e^~ , then the matrix coefficients of a = (/, /) D ± in this representation 
of Ax are 

v mi.ni2 m\,m2 

1 „ ffc+Qmg 1 a f k + l i\ 1 - , , „ 



therefore a\J~2 — ^ am-Dm?/" 1 , w/iere J7£fc = £fc+i, = f3 2 k-m£,k, rn,k e Z. TTie diagonal operators 

m 

are bounded and invertible because < c < [3 n < C for all n e Z. 



2 Existence of projections of trace qa — p and p — qa 

Let g e N* , g > 2 and pe Z such that < 7 = a — | < | and there exists p G Z such that p = p\ mod g. 
We choose M = RxZ, and £> = Ze\ + Ze 2 C G = M x M, with 

£ i = (VT bo] g , 0, [0],) and e 2 = (0, [0} q , ^7, bo]g) • 

Then D is a lattice in G and [0,^/t") x Z 9 x [0, ^/t") x Z q a fundamental domain for G/D. Since 
Z g is endowed with the Haar-Plancherel measure (which assigns to each point mass q^ 1 / 2 ), we get |G/ 
D\ = q-f = qa — p. An easy computation gives D 1 = ZSi + Z5 2 with 



<h = ( 0, [0], , , \p]^j and <5 2 = , ]p] q , 0, [0],y , 

where p £ Z is such that poP = —1 mod q. Set = 7r|. = 7r_a. , j = 1, 2. For any e 5(R), we consider 
01,02 € «S(M) defined by 

^i( s > M<j) = <K«) 

02 (s, [n] g ) = Vg<5[ O ], : H g 0(s), seR, [n],eZ„ 

where <5 a ,h, a, 6 e Z 9 denotes Kronecker's symbol. Denote also S a (b) = 5 a ,b a,b e Z q . Notice that if 
JF0 = on R, then T(4>i + 4> 2 ) = 0i + 02 on M because F(l + y/qS[ a ] q ) = 1 + ^fq b~yo\ q (again, it is 
essential that the measure on Z q is the Haar-Plancherel one). If we set 

/ m 2 \ 2irt5m i 

0(s) 0^s + —j=. j e ds, m 1 ,m 2 eZ, 

R 
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then 



(01, 0i>d-l (miJi + m 2< 5 2 ) = (0i, 0i)d-l ' [™2p] g , ^= , [mip], 



RxZ 



i>i(s, [n] 9 )0i( s + , [n + m 2 p\ q ) e + « dsd[n] q 



27iismi , 2tti 



= V^ 6 ' mi ' ro2 ~ t ^&m 1>ro2 , if«|mi ' 
,02)d-l(toi5i + m 2 <5 2 ) = y 0i(s, [n] g )(/> 2 ^s+ — ^ , [n + m 2 p], 



(2.1) 



RX Zg 



2-7rism^ 27rin.Tn.ip 2 tti m. i Tn-2 p' 



(02, 0i) D J-(mi(5i + m 2< 5 2 ) = 

(0 2 , 2 ) D , (miJi + m 2 S 2 ) = { If q , m2 

and consequently for all mi, m 2 e Z 

(0i +02,01 + 2 )£>-L(mi<5i +m 2 (5 2 ) = 

where 

{ 27rim 1 m 2 p 2 
1 + e 9 , if g |mi and g /m 2 
2 + V?' ^ 9 / TO ii ?l m 2 or g | mi, g /m 2 • 
2 + if q|mi and q|m 2 

If <j)(s) = e _7rs2 , set = 0i + 2 . By the computations from section 1 (with q^y instead of y/a) we 
get for all mi,m 2 € Z 



and 



a\/2 = V2(0,0) d _l = ^ &mi,m 2 c mi,m 2 7Tm 1 5 1+m2 5 2 

mi ,7712 

= V2 ^ ^-7711,-7712 C -mi, -777,2 Z^"^^, ~ m^l) ^777 1 5l +77l 2 <5 2 

mi ,rri2 

— a/9 /i T/ m 2T/ m i — */o h r -\rm2-\rrr 

/ U -mi - 7772 °-mi - 7772 V 2 V l ~~ V ^ / , ^7771 ,777 2 °777,i ,m 2 V 2 V l 

7771,7772 7771,7772 

?r(m 2 + m 2 l 
"\"*^T'"2J Trim, i m 2 



7771 ,^2 



' m 2 / w , 27rim 1 m 2 p , Jrjm 1 m 2 nrn i \ 



7772 \ mi 



We set a m = e 2 ^ 2 ^ , m G Z and 
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2-n-imx 2n'i?tik p 



Forall/eL 2 (RxZ,j) 

(VTf){x, [k] q ) = — f{x, [k] q ) . 

hence D n is the multiplication operator M$ n on L 2 (R x Z g ), with $ n G L°°(R x Z g ) given by 

$ n (z, [fc] g ) = 2^c m>n a m e » V2, T ^ ; ^ 

m 

and a\/2 = J] a n D n V^. We have 

n 

$o(#, [k]q) = ^ C ™>° a ™ 6 ~ 



2-nimx _ 2 -Kin i hp 



(2 + 2^/q) J2 a qi e ^ + (2 + V?) J! a ™ e 



> (2 + V?)c 



x i 

l 



+ (2 + V?)^ - 



x kp i 



where c(t) = min r d{x,it) = ,it), t > and 

|*n(a;, N<j)| < X l Cm <™l am = X c 9''™ a< ?' + l Cm <™l a « 



< (2 + 2^)^0,^ 



(2 + v?) h? o, 



2g2 7 



i? 



27 



(2 + vW 



1 



2^7 



1 

2t7' 



where C(t) = max §{x,it) = i?(0,it), i > O.We combine (2.2) and (2.3) to obtain for all n e Z 









$0 


= sup <^ 


*0(iC, Wg) 



(x, [fc],) eRxZ, < 



( 2 +vg)g(^)+ygg(^) 

(2 + ^<3^)+^c(£) ' 



(2.2) 



(2.3) 



(2.4) 



The function h from (1.28) is monotonically decreasing on (0, oo) and C{t) < h(t)c(t) for all t > 0, 
therefore (2.4) yields for all n € Z 



< max < ft 



1 



2q2 7 



1 



2/v / ' 



2g 2 7 



and 



n^0 



$0 



< 2ft 



2^) E ' 



n>l 



But 



E _™L x _*(3n + l) e 
a„ = > e 2 « 2 t < > e 2 « 2 t - 

n>l n>l n>0 



3jr ! 

1 — e 2 i 2 '< 
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therefore 

/ 1 \ e _2 9 2 T 
S<2h ^=5(r), 

where r = e 2 « 2 t and 5 is as in the proof of proposition 1.7. We have already shown thereby that g(r) < 1 
if Tpj— > 0.527, hence in this case I + c^nD^ 1 D n V 2 is bounded and invertible on L 2 (R x Z g ), hence 

\/2 (0, <f>)u± =^2 <^nD n V 2 is invertible and we have proved the following 

n 

PROPOSITION 2.1 Let a G (0, 1). If q > 2 and p are integers such that q > 2, < a - ^ < 

and there exists p G Z suc/i £/ia£ p = j>q mod g, then a is invertible and A a a contains a projection of trace 

qa — p. 

One proves in a similar way that if < 7' = ^ — a < °^.f s and there exists p\ G Z such that 
p = —p\ mod q, then a is invertible, hence A a a contains a projection of trace p — qa. The computations 
are as above, starting with e\ — (0, [0] g , Vt 7 ! [pi]g) aim £2 = (V7 7 , [pi]g,0, [0] 9 ). 



3 More on the case a = q , q E Z, q > 2 



In this section we will focus mainly on the case a=i,geZ, g>2, obtaining lower bounds for the 
norm of H a = tt £i + it* + ir £2 + n* 2 and closed formulae for the projection constructed in corollary 1.5 
(notation is as in section 1). 

In the beginning we will assume that a £ (0,1) is such that the operator (f,f)D ± from (1.18) is 



invertible (for example < a < 0.948), hence e = (f{f, f) D ±, f{.f, f) D l ) 1S a projection of trace a in 
A a a . Then, according to gjj, : eA a e ~ eC*(D,[3)e -> C^Z?- 1 ,/?) ~ A a defined by 

Q(exe) = (/, /)"* (/, ar/) D x (/, /)"* , x G C*(D, (3) 
is a ^isomorphism. Direct computations based on (1.4) and (1.16) yield 

(f,K±e 1 f) D ±(m 1 5i +m 2 6 2 ) = (/, tv± s J) d ± (^J= , ^0 = J f(s)f(s+^±y/a \ e ^ ds 



R 



R 



V2 



and 



(f,K± £2 f) D ±(m 1 5 1 + m 2 5 2 ) = 



R 



g- 2 a i T Tr ™l+ 7r ™2 



V2 
hence 

1 ir( m 2 +m 2 > ,„ 

(f,H a f) D , = j= £ e -*--L^ + =^ 

mi,m 2 (3 ]\ 



|J e irai2 _|_ g — 7rro2^g7rimi _|_ ^gfroi _|_ g-Trmi ^-rrim.2 ^ ym 1 ym 2 
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If a = i , q e Z, q > 2, we have Aj. ~ C*{D^,(3) isomorphic to C(T 2 ) and Q(eH a e) is identified to 
the function 

Q{eH a e){z u z 2 )= F ^ Z ^ ) , z u z 2 &T, 

where 



E7r(?7i^+TTt^) Trim. m.9 
e — fe^+^^^r^ 2 - 

mi ,7712 

Since 

||Ha|| > ||eff„e|| = HeCe^eJHoo > 

we further get when g is even 



9 J 0(0,7)0(0 



and when q is odd 



|| > * (i) = 4e"* ^f)^f)-2^(|,f)^(if) 

5 " W ^(o,f) 2 -2^(o,f) 2 

where we set 

r dd {z, t) = ^ e «™ 2 r+2™„ z = ^ r) _ ^ (2Z; 4r) ^ z e C r e H . 

m odd 

Taking as usual 

0a,bC», t) = J2 e^ m+a ^ +2lT ^ m+a ^ z+b ^ , z e C, r e H, a, 6 e R , (3.4) 

m 

we make use of , it) = e^t $ 1 (0, it) and , it) = # 0) i (0, to S et 

, ... Ai(°'A)'W'&) 

The graphs of <^o and </>i are drawn below using Mathematica. 

Plot[4*EllipticTheta[3,Pi*x,Exp[-2*Pi*x]]* EllipticTheta[3,Pi*0.5,Exp[-Pi/(2*x)]]/ 
(EllipticTheta[3,Pi*0,Exp[-2*Pi*x]]* EllipticTheta[3,Pi*0,Exp[-Pi/(2*x)]]), 
{x,0.01,0.5}, PlotRange > {2.7,4}] 

Fig. 3.1 The graph of </> on f 0, ^ 
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Plot[4*Exp[-Pi*x/2]* (EllipticTheta[3,Pi*0.5,Exp[-Pi/(2*x)]] 

*EllipticTheta[3,Pi*I/2,Exp[-Pi/(2*x)]] -2*(EllipticTheta[3,Pi*0.5,Exp[-Pi/(2*x)]] 
-EllipticTheta[3,Pi*l,Exp[-2*Pi/x]]) *(EllipticTheta[3,Pi*I/2,Exp[-Pi/(2*x)]] 
-EllipticTheta[3,Pi*I,Exp[-2*Pi/x]]))/ (EllipticTheta[3,Pi*0,Exp[-Pi/(2*x)]] A2 
-2*(EllipticTheta[3,Pi*0,Exp[-Pi/(2*x)]] - EllipticTheta[3,Pi*0,Exp[-2*Pi/x]])A2), 
{x,0.01, 1/2}, PlotRange -> {2.7,4}] 

Fig. 3.2 The graph of fa on fo, i 

They should be compared with Hofstadter's butterfly (||). 

Estimates (3.2) and (3.3) are quite accurate, as suggested by the following table. The norm of Hi 
has been computed using p], cor. 3. 2]. 



a 


\\H a \\ 


0o (a) 


fa(a) 


1/2 


2.82842 


2.82842 




1/3 


2.73205 




2.73205 


1/4 


2.82842 


2.78648 




1/5 


2.96645 




2.94109 


1/6 


3.09557 


3.08292 




1/7 


3.20330 




3.19690 


1/8 


3.29066 


3.28709 




1/9 


3.36165 




3.35943 


1/10 


3.42005 


3.41855 




1/11 


3.46880 




3.46771 


1/12 


3.51004 


3.50922 




1/13 


3.54537 




3.54473 


1/50 


3.87630 


3.87628 




1/51 


3.87869 




3.87867 


1/100 


3.93766 


3.93765 




1/101 


3.93827 




3.93827 



We notice that inequality (3.2) is sharp for q = 2. To see this, remark first that ti\ = 4 + Hq, which 

_ 2 

yields \\Hi\\ — 2\f2. Using (3.4) and (1.15), we readily see that 

\ h (0,i) = #(~,i) =0i )O (O,»). 

On the other hand, Jacobi's identity (Jl0|, p. 23]) yields 

tf(0,*) 4 = tf o4 (0,z) 4 + ^ o (0, ? ) 4 , 

hence ^(^ ,i) = 2^3^(0, z) and we get equality in (3.2) in this case. 

Notice also that the numerical computations presented above suggest that the estimate is sharp also 
for i, which would produce a striking relation between , tt), ^(i , y), ^(^ , |) and $(0,6i). 

Next, we derive explicit formulae for the projection e of trace a constructed in proposition 1.1 when 
a~-,q^Z, q>2. Again, notation is as in section 1. 
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For any unitary operator U and r G H, b G R, q G N*, a G Z, we define the bounded operators 
i?(C/,r) = J2e 7rtTm2 U m 



m 

§^\{U,T) = E e 7rir ( m+ 9) + 27ri ( m +f ) b Jjqm+a _ 



The explicit expression of e is given by the following 
PROPOSITION 3.1 (i) If q is even, then 



1 ^ .^^(^D^i^'f) 



e = - > e 9 



e 



(ii) If q is odd, then 

2 1^o Sl ,stt {0 ,i } E (-1)^^ (U 2 ,2iq)^i (U u 2iq) 

£i,£ 2 e{o,i} 2 ' 2 ' 

Remark. The denominators are central elements in Ai, hence the notation used in the previous 

i 

formulae makes sense. 

Any b G C*(D A -, (i) = Ax is represented as 

b= J2 b (z)<= E b mum^* mi5l+m2 6 2 = E fe-m^-^e 23 ^^ 1 ^ 2 - (3-5) 
2GD 1 mi,m 2 mi,ro 2 

For such b and ni, n 2 G Z we set 

Qini.na = (A /&)r>(«i\/a, n 2 Va) . (3.6) 

LEMMA 3.2 Let a G (0, 1) and b, a ni! „ 2 as in (3.5) and (3.6). Then for all ni,n 2 G Z 

1 x Q (n 2 + n 2 ) . 

— h —+TTin 1 n 2 a \ . . 

/ J y mi,m2 y m3,m4 



in 2 a 

mi,...,m4 



Proof. Using 



; V2 

. e - ^ ( " 1 " m3)a a : ( " a " m4) ^ -^(n 1 +m 2 )(m 3 -m 1+ i(m 4 -m 2 )) + ''^i+^(^-^) 

(/&)(*) = E & ™i>^e— , sen 

mi ,7712 

and (1.3) we get 

a ni , na = y (fb)(s) {fb){s + ni ^)e- 2msn ^ds 



R 

E 2 ^ a (^ 1TO2 - m3m4 ) _ ^( m 2 +^l) , 7r „2 a + 27rTtim4 

%i ,m,2 "m3,m4 t- 

mi,... ,777.4 

e -2 7r;S 2 -27r S (-I^^+n 1 v^+»(^^+n 2 V^)) ds 



R 
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The statement follows now through a plain computation based on (1.16). QED 
For all r, s, m, n 2 € Z we set 

a (n 1 ,n 2 ) _ e - i ^ 5 i^J--- !L ^--u-i(rii+m2)(f+is) ^3 7^ 

(m,n 2 ) = J- 4"/'™ 2) V^Kf . (3.8) 
r,s 

Since 

v . c_ _ \ . ./ini i \ ./ in? i \ 

< 00 , 



it follows that a'" 1 '™ 2 ) G C*(D ± ,/3). Although wc are not going to use it, notice that since a D ±(V2) = V\ 
and a D ±(Vi) = KT 1 , we have 

a D ±(a^ ni ' n ^) = a (- n2 ' ni K 
If a = - , q e Z, q > 2, lemma 3.2 yields for all m, n 2 € Z 



1 ^K+"2> 

^71 1 .71' 



^ 2 . + ^, (nijna) 

/~ e ^/^ »mi,m 2 u m 3 ,m 4 u m 3 -mi,m4-m2 • 

* m 1 ,...,m4 



Moreover, for any b as in (3.5) we have 



mi,. ..,7714 TV 



^ ^ ^7711 ,7712 



" a (ni,n 2 ) 



^m 3 ,m4 ^7713 — TTlx ,771 4 — 7n 2 ' 

7711 j ■• .,7714 



which together with (3.9) gives 

a ni , na = e — + — r D , (ba^^b*) 

= _L e - ' ( "' 2 +" 2> +^^ y* a (n 1 ,n 2 )( e 2^t 1)e 2 W it 2 ) . |6( e 2wit i , e 2,rit2 )| 2 d*! (ft 2 . 
[0,1] 2 

In the sequel we will take b = a~i = (/, f) D ± € C(T 2 ), hence 

[/</, /> D L /(/, /> D I ) D («iv^, n 2 ^) 



—= e 2 9 
V2 

[0,1] 



I /" a («l,"2) e 2 mtl 2^*2 (3.10) 

7 a(e 27rrf i,e 2m *2) 



and 

e = |G/D| J] am.n^^r = - E "m^ETO" 1 . (3.11) 



q 

ni,n2 



For simplicity we shall denote throughout this section 

iq 



Proof of proposition 3.1 (i) If g is even, then (1.18) yields for all ti,t 2 € R 



a(e 27ri *\e 2 ™* 2 ) = 4=^1)^*2). (3.12) 
v 2 
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We employ (3.7) and (3.8) to obtain 



Writing n\ = ql\ +r, n,2 = qfa + s, l\, I2, r, s € Z, < r, s < q and employing (3.10), (3.12) and (3.13) 
we get 







0(*2) 



Using also the quasiperiodicity of ■& : 

ill 
~2 



z+ i lf)=e^- 2 * ilz ${z) zeC,leZ, 



we get 



1 



^ 1+ ^ 2+s = e - ^ + .y tf ^ y tf ^ 



Furthermore, using also 



■ //t = 

0(a: - y) 0(2/) 



1 ' 

and the fact that ?7f and C/| are central in A 1 , we get 

The equality from proposition 3.1 (i) follows from this and from 

e -#+-T u.fi^r+u) ^ = „W ^ QED (3.14) 

Before completing the proof of proposition 3.1 for q odd, we introduce some notation by setting for 
all z e C, t e H, a, 6 e R 



<6*M = E e^( m + a ) 2 + 2 ^( m + a )( z + 6 ) = o , 6 (*,r) - % 2h (2z,4r) = ^ 2fc (2z,4T) , 

m odd 

fteven _ e 7rrr(m+a) 2 +2™(m+a)(z+b) _ ^ 2fe (2z, 4t) , 

m even 

$°(z,t) = &o,o( z > T ) , o e {even, odd} . 
For all z e C, r e H, a, 6 e R, / € Z we have 

et,e ™ + i , T^j = d even {z, t) , (3.15) 
d odd ^ + 1 ^ r ^J = _ 1? odd^ j 7-) , (3.I6) 

oorfd^ , 1 T \ _ -KiTl 2 -2Kil(z+b) . f T )' 11 ' 1S even (n -, ? n 

c„,6^ + *T,T;-e j *Sr(*,r), iff is odd ' ^ 

The following lemma is easy to prove. 
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LEMMA 3.3 Let <j) : R 2 — > C be a continuous function which is periodic modulo 7? . Then 



E / e 2 ^ ltl+M2) 0(ii,t 2 )dt 1 rft 2 = iUo,O) + 0Q, 
E / e 2m(iltl+i2t2 V(ii,t 2 )dti^2-iUo,O) + 0Q,o") ~<t>U\ 

\ even,l2 odd |q ]12 

E / e 2 ^ Wl+W2 ^(ti,i2)rftidt 2 = ^0(O,O)-0Q, 

i odd, I2 even ^ ^ 2 

E / e 2 " ( ' ltl+ ' 2t2 *2) dfci dt 2 = \ (V(0, 0) - ^Q.o) - </>((), + <a(^)) • 



1 1 

2' 2 



odd jq 



Proof. We consider for instance the second equality. The others are similar, if we set l\ = 2mi, 
l 2 = 2m 2 + 1, xi = 2ti, x 2 = 2t 2 , and divide [0, 2] 2 into four equal squares, then we get : 



^, = E / e 27H(iltl+i2t2) <^i,*2)^i<ft 2 

li even,l 2 odd ^ ^ 2 



= I E / e 2 ™( mia;i + m2a:2 ) e™ 2 </>( ^ , ^ ) dan dx 2 



4 ' / V 2 ' 2 

mi,m 2 [0|2]2 

i E / e 2m{mixl+m2X2) Hxi,x 2 )dx 1 dx2. 



4 

2 [04] 



where 



2 2, 

Since VO^i + 1, x 2 ) = ip(xi,x 2 ) — ip(x 1 ,x 2 + 1), Xi,x 2 € R, we get 



S01 = ^(0,0) - i ^(0,0) + <aQ,o) - cj>(o,^j -^(^)) • Q ED 



For all a, 6 € R, z e C, we set 



and consider the following continuous functions on R 2 /Z 2 



6 o,o 



(*1,*2) 



■8(h) $(t 2 ) -2§° dd {t 1 )§ odd {t 2 ) 



$(t 1 + ^)\i(t 2 + ^)+2$ even (t 1 + ^)$° dd (t 2 + ^) 
V»(*i»*2) = 2 ^(ti)^(i 2 )-2^(t 1 )^(t 2 ) 



^°(*1,*2) 
(*1,*2) 



«?o,i (*i + r ir £ ) <?(*2 + +2# odd (t 1 + d even {t 2 + S^L) 
d{t 1 )d{t 2 )-2 ^(ti) tf odd (i 2 ) ' 

«?o,i (*i + ^) <Vi(*2 + ^) - 2iT ue "(ti + £±«) tf CTCTl (i 2 + 2±h:) 
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Proof of proposition 3.1 (ii). Our first aim is to compute ^ ctqh+r,qi 2 +s Uf 2 Uf\ This is split into 
four sums as follows : 

(1,(2 even Zi even,l2 odd 

?i odddi even odd 

From (1.18) we get for all t u t 2 G R 

( e 2T«i >e !hrit 2 j = _L ^( tl )^(t 2 ) -2d odd (t 1 )d odd (t 2 )) >0, (3.18) 
v2 

whilst from (3.7) and (3.8) 



-2 r dd [ tl ni + m2 "l r dd L - ^ + mi ^ 



)) 



2 

yield for all t\, t 2 G R, ni,n 2 G Z, ni = ql\ + r, n 2 = ql 2 + s, l\,l 2 ,r, s G Z, < r, s < <? 

1 7r(i 2 +Z 2 )q 

fl (ni ,n 2 )<- e 27riti ^it 2 \ _ 27ri(i 2 ti+(it2)-'7ri(!2r+iis)+7r(;2S+iir) 

- 4*) *(* - - - '-¥) «■"(•> - ^ 

We combine (3.10), (3.18), (3.21) and the definition of </>°;° to get 

a nun2 = e- 1 ^^ J e ^ 1+ i lt2) o,o ( _^ _ h) ^ ^ 

[o,i] 2 

Using lemma 3.3 we gather 



Zi,Z 2 euen j Q 1 j 2 

J2 I <^ {lltl+hta) <f> r $(X2-t2,X 1 -t 1 )dt 1 dt2 

J J 



— e 2 i 



-'''.."(^2-^1-^ 



(3.19) 



To compute S o, we notice that the quasi-periodicity properties (3.15), (3.16), (3.17) and 

tf f z + = e^- 2m ' z 0(z) , z G C, I G Z (3.20) 



(3.21) 



h,heven [01]2 



Similar computations yield 



1 n(r 2 +s 2 ) ^ / n 1 ■ , , n 1 / l\ , f) 1 / 1 

-0°'i(s 2 -^,a;i-^ 
Sio = i e - """^" ^i ; 0(x 2 , xi) - xi - 5) + tils - \ , zi 



^0,0 



1 1 



1 



Immediate computations based on the obvious equalities 

0(z,t) = $ even {z, T ) +$ odd (z,T) and \i(z,t) = ^ even (z,r) - ^ odd (z 

show that 0°'° = = 0^;° = —0^:1 = 0r,s and actually we get for all r, s £ Z 

+ r±ii) i?(t 2 + *±£) - 2 odd (t 1 + fl^fe + gg) 
<^-,-C*i»*2) - ti(t{)d{t 2 )-2ti°< id {t 1 )ti°< id (t 2 ) 

From (3.22)-(3.25) we get 

X) a g ii+r,,i 2 +, e 2 ™«^+^) = S 00 + S 01 + S w + S n 



1 K^+S*) 



— e 2 « + i 
2 

<5i,« 2 e{o,i} 



We identify Uf with e 2 ™ 1 and C/| with e 2 ™* 2 to obtain 

E a qh+r,ql 2 + s U^llf 1 



2 

«i,« 2 e{o,i} 



E ( — I) 5 !" 52 | fl( e iri(r+8 2 +is) jjq \ f e ni(s+Si +ir) jjq 



_2flodd^ni(r+S 2 +is) jjq ^odd ^ e 7ri(s+5i+ir) jjq — ^ ^ 

where we denote for any unitary U and r e H, q £N* , a £ Z, & e R 

d odd {z,T) = E e nirm2 U m , § even {z,r) = E e 7 "™ 2 ?/" 1 



m odd 
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and 

^\ odd (U,T) = e 7 " T ( m+ t) 2 + 2 ™( m +f) h [/9 m + a = 2b (U,4r) , (3.29) 

m odd 

^\ even (U,T)= Y e mT ( m+ ^ 2+2m ( m+ ^ b U qm+a = ^l q) 2b (UAT)- (3.30) 

q ' * J 2g ' 

m even 

Using #(U,t) = d odd {U,T) +^ even (U,r), d odd {U,T) = d {2) (U,Ar) and d even {U,r) = ^1(U,At), we 

2 > U 

get 

(3.31) 

= ^ (-1) £1£ ^ ( | (C/|, 2iq)^ fi (Ul2iq). 

ei,£2e{0,l} 

Using the quasi-periodicity relations (3.14) and 
and also # { A(U,t) = ^\ even (U,t) + ^\ odd {U,T), (3.29) and (3.30), we get 

q i q ' q ' 



2JT — ,r-r«2 ' ' 2^T — 

ei,e 2 e{0,l} 



Proposition 3.1 (ii) follows now from (3.11), (3.28), (3.31) and (3.32). QED 

We continue with some considerations on the case a = \ . According to proposition 3.1, the formula 

e= - I 1 + 



2 1 0{Ui,i)0(U{,i) 0(Ui,i)0(Ui,i) 0(Ui,i)0(U{,i) 

defines a projection of trace \ in Ai. We shall simply denote e = e\ = (+ + H ) . 

We consider the automorphisms Pt lt t 2 01 acting on the generators U\ and U 2 by pt ± ,t 2 (Uj) = e 2 ^ ltj 
j = 1,2, ti,t 2 € R and p acting by p{U\) = —U2, p{U2) = —U\. The relations 

#i \(-U, r) = -# { ?UU, r) , b e R , r e H , 



W\ {U u t) W\ (C/ 2 , t) - -0^ (C/ 2 , T ) W\ (C/i, r) . 

2 ' 2 2'2 2 ' 2 2'2 

and the fact that $(Uf,i) and i?(f/f , i) are central in Ai show that 

ei = (+ + + -), 

e 2 = Pi :0 ( e i) = (+ - + +). 
e 3 = Po,i( e i) = (+ + - +). 

e 4 = pi,i(ei) = (+ ), 

e 5 = p(ei) = (H +) • 
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In particular ej, 1 < j < 5 are projections of trace \ in Ai such that 

ei + e 5 = e + p(e) = 1 , (3.33) 
l 

ei + e 2 + e 3 + e 4 = ^ PBx t S2.{e) = 2 . (3.34) 

C1,C2— 

We also notice that if p is the automorphism of Ai defined by p(Ui) = £/ 2 , /5(t/ 2 ) = U\, then 

p{ei) = (+ + ++). 

Actually, the analog of (3.34) holds for any a = ^, q £ N*, q > 2. To sec this, we notice first that for 
all s, c e Z, 6 e R 

27ric _ x 27rise 3(g) 



[e^U,r)=e^^ b (U,r), 



q-1 

This implies that if we write e = e ~ A r , s as in proposition 3.1, then 

r,s— 

1 9- 1 

1 X Kirs L 27Tisc 2 i 2ttit-ci 

P21 22. (e) = - > e 9 9 « A rs 

? ' 8 o Z ' 

* r,s=0 

and furthermore 

<j-l <}-l , q-l \ / 9-1 



EJ_ v ^ -Kirs I x ^ Iirirci \ / ^ ^ l-nxsc^ \ 

P^(e) = -J2 ^~ E e ~ E e ~ Ur, s = ^ ,o = g. (3.35) 

ci,c 2 =0 * r,s=0 ^ci=0 ' ^c 2 =0 



Let 7T : Ai — > M„(C), 7r(J7o) = £/,-, j = 1,2 be the canonical finite dimensional representation of Ai 
(i.e. U\ — Ul — Iq)- We consider the finite dimensional representations 7r tl , t2 = ^Pt u t 2 of Ai Then, we 
get 7r tl , t2 (C// m+;s ) = e 2 "(« m+s )^ L>, j = 1, 2, < s < q and 

7r tl>t2 (^ ( A([/ 2 ,t)) = ( m+ f) 2+2m ( m+ f)5 e 2 ^ m+s >' 2 C/ 2 S = j? f;S (^ 2 ,r)C/| , 

7r tllta (#f,s(UuT)) = %,(<?*!, r) £/[ 

n 1 ,t a (?{Uj,T))=0{qt j ,T)-I q , j -1,2. 
Therefore, for any non-negative even integer q 

Ee-^^,s(^,|)% f (gii,f)^c/f 

We) = — ^fH^ • (3 ' 36) 

Using (3.36) we compute T(ir tl .t 2 (e) 2 ) . As this is equal to T(ir tl .t 2 (e)) = </ _1 , we get for all ii,i 2 € R 



m.n— 



(3.37) 

2 / V 2 
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Using -d-a.-b^z, t) = $ ai b(— z, r), it follows that for any even integer q G N* and any t±,t2 S R 




(3.38) 



Actually (3.38) can be regarded as a sort of Riemann theta relation. To see this, we specialize further 
to q = 2 and denote as in ^ o = i?, = $i,oi $oi = ^o, 1 ' = $a,i- Taking g = 2 in (3.38) and 
using the obvious equalities 

daai-z, t) = z?oo(^,t) , #io(-2,t) = i?io(z,r) , &oi(-z, r) = i?oi(«> T ) . = -i?n(^,r) , 

we obtain for all x, u € R 

O ifo «) 2 i>io(«. *) 2 + tfiofo z) 2 ol (u, + *) 2 *) 2 - tfoo(z, i) 2 t?oo(u, i) 2 ■ (3-39) 



REMARK 3.4 Identity (3.39) should be compared with Riemann's theta formulae, for example with 
formula (Ai) m |10, p. 21] 

(Ai) tf o(^ rf # 00 {u, rf + § u (x, r) 2 u (u, r) 2 = tf i(x, r) 2 O i(u, r) 2 + tf 10 O, r) 2 tf 10 (u, r) 2 

= i9 o(a; + u, t) -dooix - u, r) i?oo(0, r) 2 . 
Nevertheless, it is not clear to us whether (3.39) is a mere consequence of Riemann type identities. 



A Appendix 

Let a € [0, 1), p — e 27rm , u, v be unitaries such that uv = pvu, A a — C*(u,v) and a be the order four 
automorphism of A a defined by cr(u) = v, a(v) = u^ 1 . Denote by E the conditional expectation from 
A a onto A a a defined by 

E(x) = - (x + a(x) + a 2 (x) + cr 3 (x)) x e A a . 

For any n, to G Z, set 

[n, m] = p- 1 * 1 (uV + w-' l w~ m ) = 2p-^ + a 2 {u n v m )) , 

{n,m} = Ap-^E{u n v m ) = p-^(u"w m + u- n « _Tn + + ir™M m ) 

= p-^(u n v m + u- n v-' m ) + p^(u- m w" + u m v' n ) = [n, m] + [-to, n] . 
The following properties of [n, m] are easy to check (||) 

[n, to]* = [n, m] = [— n, — m] , (A.l) 
[n, to] [fc, i] = p a [n + fc, to + /] + p™** 2 ~ [n — fc, m — I] . (A. 2) 

Using (AI) and (A2) it is plain to check that for all n, to, fc, I G Z 

{n, to}* = {n, to} = {—to, n} = {—n, — m} = {m, — n} , (A. 3) 

{n,m\ {k,l\ — p 2 {n + k,m, + l\ + p 2 {n — k,m — l\ + p 2 {n — l,m + k} 



ik — rnl 



(A.4) 



+p 2 {n + l,m— k} . 
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PROPOSITION A.l If a^Q anda^\, then A a a = C* ({n, 0} ; n > 0) . 



Proof. The linear span of (u n v m ) n m6 z is dense in A a and the conditional expectation E continuous, 
hence span({n, me z is dense in Denote by £? the C*-algebra generated by ({ ri :0})„ g N • 

According to (A3), it suffices to prove that for all n, m e N 

{n,m}eB. (A.5) 

According to (A4) and (A3) we have 

{n, 0} {fc, 0} = {n + fc, 0} + {n - k, 0} + p^ {n, k} + p~^{k, n} , (A.6) 
whence {n, k} e B if and only if {fc, n} e _B. The previous equality gives also for all n E Z 

p9{n,l} + p-9{l,n}€B. (A.7) 
In particular {1,1} £ B and using again (A4), we get for all n £ Z 

{n,0} {1, 1} = + 1, 1} + p-f {1, n- 1} + pt{ n _ 1, 1} + p"f {l, n + 1} . (A.8) 

Let m > 1 and assume that {fc, 1} e B for all < k < m. Then {1, k} e B for all < fc < m and by 
(A8) 

/9~{m+ 1,1} + p ~{l,m+l}eB. 



(A.9) 



Taking n = m + 1 in (A7) and using (A9) and 



m+1 m+1 

p-5- p -T- 



we conclude that {m + 1, 1} e i?, hence {n, l}gB and {1, n}eB for all n > 0. 
Finally, we prove (A5) by induction. Assume that for some k > 1 we have 

{n, to} € B for all n > and fe > n > or for all k > n > and to > . (A. 10) 

To conclude, it will suffice to prove that 

{n, k + l}eB, foralln>0. 

This holds for n = 0, 1, . . . , k. By (A10) and 

{k, k} {1, 1} = {k + 1, k + 1} + {k - 1, k - 1} + P k {k - 1, k + 1} + p- k {k + 1, k - 1} e B , 
{k + 1, k} {1, 1} = p~2{k + 2, k + 1} + /H{fc, fc — 1} + P fc+ ^{fc, fc + 1} + /?- fe -5{fc + 2, fc - 1} e B , 
{fc + 2, fc} {1, 1} = p{k + 3, fc + 1} + p-^k + 1, fc - 1} + p k+1 {k + 1, fc + 1} 

+p- k - 1 {k + 3,k- 1} e S etc. 
we get {fc + 1, fc + 1}, {fc + 2, fc + 1}, {fc + 3, fc + 1}, . . . e B. QED 

COROLLARY A.2 If a £ Q, fAen 

= C* ({1, 0}, {2, 0}) =C*(u + v + u- 1 + v-\u 2 + v 2 + u- 2 + v- 2 ) . 
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Proof. Denote by C the *-algebra generated by {1, 0} and {2, 0}. According to the previous proposi- 
tion it suffices to show that {n, 0} £ C for all n > 3. Firstly, notice that 

{l,0} 2 = {2,0} + {0,0}+(pi+p-*){l,l} e C 

yields {1, 1} £ C. Then, we prove by induction that 

{1, 0}, . . . , {n, 0}, {1, 1}, . . . , {n - 1, 1} £ C for all n > 2 . 

Assume that this is the case for some n > 2. By (A6) we get 

p*{n- 2, l} + p-^{l,n- 2} = {n - 2, 0} {1, 0} - {n - 1, 0} - {n - 3, 0} e C, 

hence {1, n — 2} = {2 — n, 1} e C. By (A8) and the induction hypotheses 

p^{n, 1} + p-^{l, n} = {n- 1, 0} {1, 1} - /^{l, n-2}-^{n-2,l}?C. (A.ll) 
On the other hand 

{1, 1} {n,0} = p-^{n, 1} + p^{l,n} + ^{2 - n, 1} + - 2, 1} e C, 

whence 

p~^{n, \} + p 2 ^ k {l,n} £ C. (A.12) 
By (All), (A12) and p m ^ 1, m G Z, we get {n, 1}, {1, n} £ C. Moreover, using also 

{n, 0} {1, 0} = {n + 1, 0} + {n - 1, 0} + {n, 1} + p~% {1, n} £ C , 

we conclude that {n + 1, 0} £ C. QED 
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